This article presents a general result from the study of shifl-invariant spaces that characterizes tight frame and dual frame generators for shift-invariant subspaces of L2(•n). A number of applications of this general result are then obtained, among which are the characterization of tight frames and dual frames for Gabor and wavelet systems.
I. Introduction
The aim of this article is to provide an unified approach to the characterization of a large class of systems satisfying a reproducing formula of the form f=y~(f, Tti)Tri, (1.1) i~Z or, more generally, f = ~...,(f, ~bi) ~i , (1.2) icZ where f, ~i, ~bi, i 6 Z, belong to L2(]~n). The kind of reproducing systems that we will consider are generated by the action of translations, dilations, and modulations on a finite family of functions. To keep the notation to a minimum and focus on the main ideas that we will present in this article, let us restrict our attention, for the moment, to one-dimensional systems generated by a single function. The Gabor system, for example, is generated by the action of the translations is not the case for the affine system, if we want to preserve the reproducing property (cf. Section 3 for more details).
In the Gabor case, the following simple result, which was originally found in [11] with some mild decay assumptions on 7*, characterizes all the Gabor systems for which the reproducing formula (1.1) holds (cf. Section 3 for more references about this and related results). fora. e.~E~, u 6Z\{0}.
( 1.4) The study of the characterization of affine systems is more complex. The program of characterizing orthonormal wavelets and affine tight frames in terms of simple equations has been carried out by G. Weiss and his collaborators, starting with the characterization of band-limited orthonormal wavelets [1] . Similarly to the case of Gabor systems, all the affine systems for which the reproducing formula (1.1) holds can be characterized in terms of two simple equations (cf. Section 3 for references about this and related results). In the one-dimensional case, with dyadic dilation, we have the following. A comparison of these equations with Equations (1.5) and (1.6) shows that the equations that characterize an affine reproducing system are in a certain sense the analog of the equations that characterize a Gabor reproducing system, where the modulation operator is replaced by the
